Finding the best Gutter shape for a House

Introduction

It is often a problem in architecture and product design, where what is mathematically
optimal, is not always aesthetically what a designer wants. Compromises must be made to
satisfy both parties, and new creations can be formed in the process that help push the
boundaries of the architecture world. Personally, | find modern interior and exterior design
fascinating, and often-times house unconventional characteristics which make them

intriguing.

! For example, imagine an architect has
created a contemporary style house, with
classic parallel and perpendicular themes as
the design, to create a minimalist overview
that runs inside and outside. Conventional

semi-circle gutters do not fit this aesthetic.

A right-angled version must be created to
facilitate the designer’s wishes. This must be

Figure 1 - an examples of a real rectangular gutter . .. .
made with the efficiency of the material
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I  Figure 2 - a diagram of the two gutter forms | am exploring
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used in mind, using optimization in mathematics. As a modern architecture enthusiast, |

decided to take the task on of designing and optimizing this gutter myself.

My aim for this exploration is to deduce the optimum ratio of sides to bottom length in a
set-measured, right-angled gutter. Once this is discovered and by using the same
measurements, | will then form a second design for a gutter with sides that move, from a
right-angled gutter to a completely flat gutter. By changing the angle of the sides and
compromising the height of the gutter, the cross-section area will change too. Hence, | can
find an optimum angle for the biggest area created. | will consider a rectangular cross
section and see if changing the angle of the sides improves the cross-sectional area,

therefore helping to maximize water flow.

Figure 1 - Diagrams of a gutter with sloping/changing angle sides

Exploration:

To visualize the gutter’s measurements, | first drew diagrams and cross-sections of the two

gutters. Here is the representation of a conventional gutter compared to a proposed right-
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angled gutter. The length of the three sides together is (a), the length of the two equal sides

is (x), and the length of the bottom is (a-2x).

Figure 2 - Diagrams of a rectangular gutter and a conventional gutter
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Now | will find the ratio of the length of the sides to the length of the bottom with an aim to
maximise the area of the cross-section, while keeping the angle of the sides 90°. | will first

find the sides in terms of (a).

Area = x (a — 2x)

= ax — 2x?

| will differentiate to find the gradient function of the cross-section area. Next, | will set it

equal to zero to find x.

dA_ 4
dx_a X
0=a—4x



Now | have the sides x in terms of a, | can find the bottom length also in terms of a.

a
The two sides are x = 7 and the bottom length is:
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Figure 3 - Diagram to show the ratio of the sides in an
optimum rectangular gutter

Now the ratio of the sides to the bottom length is found, | can substitute any value of a into
it. For example, ifa = 50 c¢m, the sides will be 12.5 cm each and the bottom will be 25 cm.

The ratio of the sides is 1:2, height: width.

The area equation, A = ax — 2x? can be represented as a graph. The roots can be found by

making the equation = 0.
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Here is a graph to show the function of the cross-section area.



Figure 4 - A graph to show the area function of a rectangular gutter
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Finding the optimum angle for a right-angled qutter with sides that change angle (0-90°)

Imagine now that the sides of the gutter were able to move up and down, from all the way
upright, to all the way flat, the area of the cross-section would no longer be constant. For

this part of the exploration | will keep the same dimensions/ratio found in the first section.

Figure 5 - A diagram for a rectangular gutter that can change the angle of its sides
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| will define 8 as the angle the sides are moved by, from the 90° line. Therefore when 8 = 0°
the gutter is right-angled, when 8 = 90° the gutter is a flat sheet.

Figure 6 - A diagram to show how the angle is measured

Firstly, | must find a function to define the area of the cross-section. The cross-section will
be split up into two parts, one being the area of the triangular sections together, and the

second being the area of the rectangular section.



Figure 7 - A diagram to show how the gutter can be sectioned in order to calculate its area
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Working out the triangular sections:

@) =—
€os T a+4
a
X =ZCOS(9)
Y
sin(8) =—
y= ZSIH( )

Hence, | can find the area of the triangles together in terms of the angle.

1 a a
Area of triangles together = 2 X > X [Zsin(e) X ZCOS(Q)]
“sin(8) x = cos(9)
= — X —
2 sin 2 cos
The next step to find the cross-section area is to find the area of the rectangle section.

Area of rectangle section = bottom length X side length (x)

= g [%cos (9)]



Now | have the area of the triangles and the rectangle section, | can add them together to
get the total area of the cross-section in terms of the angle. | now have an area function

which | can manipulate to get an optimum angle.

2

a a®
Total area of the cross section (A) = [§ cos(@)l + [E cos(6) sin (0)]

| will first differentiate the function, with the use of the product rule for the second

bracketed section.

a® a®
A= gcos(e) + lﬁ cos(0) sin(0)

u = cos(0) v = sin(0)

du

= —sin@®) - cos(o)
dQ_ Sin de—COS

a® . _ a* 2 2
E[Ecos(e) sm(@)l = E[COS (0) — sin*(6)]

2 2

Therefore 2 = —Zsin(6) + = [cos?(6) — sin?(6)]
erefore 0" "8 sin 16 cos“(0) — sin

Now that | have the gradient function of the area of the cross-section, | will find when the

function equals 0 in order to find the maximum point for the original function.

Firstly, | will substitute cos? () using a trigonometry identity.
cos?(0) = 1 — sin?(0)

dA a? a?

25 = g Sin(0) + = [=sin®(6) + 1-sin’(6)]



Now | can find where the function is equal to 0. | will expand the brackets and rearrange to
make the equation clearer.

2

2
a a
0 = ——sin(8) + —[—sin?(0) + 1—sin?(8)]
8 16
2 aZ aZ
— G L cin2 el
0 3 sin(6) 3 sin“(0) + 16

Now | will multiply through by 16 to eliminate the fractions.
0 = 2a%sin(0) + 2a’*sin? (8) — a?

Since (a) does not affect the optimum angle, | divide through by a? to remove it from the
equation.

0 = 2sin? () + 2sin(8) — 1

Next, | will substitute sin(6#) = x to make the equation a quadratic.
0=2x*>+2x—-1

This equation cannot be factorised into brackets, so | must use the quadratic formula to

solve for x.

B —b +Vb?% — 4ac
N 2a

X

-2+ +V4+8
- —F

X
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-1+ 43
2

sinf =

By using the arc sin tool on my G.D.C, | found the optimum angle. | disregarded the second
value for the quadratic equation because the result was not possible, as it was a number
smaller than -1.

0 = 21.4° for0° < 0 <90°

The gradient function for the area of the cross section can be graphed. The maximum area is
at 8 = 21.4°. The optimum angle is not affected by the length (a) of the cross-section, so

the graph will be in terms of (a).

Figure 8 - A graph to show the area of the cross-section for a gutter with sides that change angles, for angles between 0° and 90°
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The graph is shown for 0° < 6 < 90°, the point A represents the maximum at (21.47,
0.138a?), in terms of a.
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In terms of (a), the area of the cross-section for a gutter at 21.4° would be:

A= a—zcos(H) + [a—z cos(0) sin(@)l

8 16
a? a?
A= Ecos(21.4) + [E cos(21.4) sin(21.4)l

A 1 1 .
== §cos(21.4) + [E cos(21.4) sm(21.4)]
A
~ =10.138
a
A =0.138a> cm?

Comparing the different qutter forms

Now that | have the area functions for the rectangular gutter and the optimal changing
angle gutter, they can be compared. | will do this by using the same value of a for each form

and comparing their cross-section area.
In terms of (a):

a a?

a
The area of the rectangular gutter = " X Py

The area of the angled gutter (21.4°) = %Zcos(Z 1.4) + [E cos(21.4) sin(21.4)]

=0.138 a2

) second value — first value
percentage increase = - x 100
first value

2

0.138a2 — %
= — % 100
8
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Now | will divide through by a? to simplify the equation.

0.138 — %
= x 100
1
8
= 0.101 x 100

~ 10.1 % increase

Therefore, the area of the cross-section for the changing angle gutter at optimum angle
(21.4°) is a 10.1% increase on the area of the cross-section of a rectangular gutter.

An increase (and therefore improvement) in the area of the cross-section is true for only a
certain range of angles which can be calculated and displayed graphically. First, | will take
the area function for the rectangular gutter and find where it equals the area function for

the changing angle gutter.

2

a’? a a? _
5= Ecos(Q) + IE cos(8) sm(H)l

| can now divide through by a?.
% = %cos(e) + 1—16cos(0) sin(0)
To simplify the equation | can multiply through by 16.
2 = 2cos(8) + cos(6)sin(@)
Now | will use the G.D.C to solve this equation:
6 =0°41.2°

Therefore, the cross-section area for a changing angle gutter will be bigger than the normal

rectangular gutter, only between 0° < 8 < 41.2°.
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Conclusion

Ultimately, the optimum angle for the biggest cross-section area for a gutter than can
change the angle of its sides is = 21.4°. An increase in area and therefore increased water
flow and efficacy is true for angles between 0° and = 41°, beyond these values is a decrease
in the area compared to a normal rectangular gutter of the same measurements (same
value of a).

Through this exploration | was able to achieve my initial aims of discovering the optimisation
for both a normal rectangular gutter, and for a rectangular gutter with changing angles. By
exploring this piece | came across challenges | had not initially anticipated, such the
complexity of the area equation for the gutter with changing angles. However, with
perseverance and the use of trigonometry | was able to make the area equation and then
further differentiate it. What | hadn’t anticipated was being able to compare how far the
changing angle gutter was an improvement on the normal one. By making the two area
equations equal, | found the range of angles that improve the area and therefore water
flow, and | was able to

Figure 10 - diagram of a gutter with sloping sides at an optimum angle of 21.4°

display this graphically. |

|
| DIAGRAM OF AN OPTIMAL ! )
; | used my problem-solving
| RIGHT- ANGLED GUTTER [
| |
|
\ |

' / skills and my interest in
|

A\

architecture to find an
answer to this intriguing

maths problem.
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If more time were available, | would attempt to compare the two gutter forms by price to
manufacture, therefore bringing a more real-life aspect to the problem. Another possible
extension could be to consider adding more sides/planes to the gutter and seeing how this
affects the cross-section area. They could then be compared to the rectangular or semi-
circle shaped gutters. It would be interesting to investigate compromising material
efficiency (semi-circle gutter) versus maximised water flow (rectangular gutter), with

something in between such as a gutter with multiple planes.

Figure 11 - diagram of a gutter with two planes Figure 12 - diagram of a gutter with four planes

Figure 13 - diagram of a gutter with seven planes
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